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MORE THEOREMS ON THE COMPLETE QUADRILATERAL. 

By J. W. CLAwSON. 

In a paper on "The Complete Quadrilateral" published in these 
Annals,* a number of theorems were given. These divide themselves 
naturally into theorems in connection with (A) the circumcentric circle, 
C, determined by the circumcenters of the four triangles of the quadri- 
lateral, (B) the mid-diagonal line, m, determined byr the middle points of 
lines joining opposite vertices, (C) the orthocentric line, o, determined by 
the four orthocenters, and the pedal line, p, which are both perpendicular 
to m, (D) the incentric lines, which are connected with the bisectors of 
angles of the quadrilateral. These four divisions of the subject are some- 
what loosely connected, in the paper referred to, by the facts that the 
focal point, F, at which the four circumcenters meet, (A) lies on C, (B) 
is the focus of the most important of the conics whose centers are on mn, 
(C) is simply related to p, and (D) is the intersection of the incentric 
lines. 

In this note some further connective theorems are added. In 1 and 2, 
(A), (B) and (C) are more closely linked, in 3. (A) and (D) are bound 
together, and in 4, relations are given connecting (A), (B) and (D). 

The notation of my former paper is preserved, and most of the refer- 
ences are to it. The contents of this note are original, except where 
otherwise stated. 

1. (1) The mid-diagonal line, m, of the quadrilateral bisects the line 
joining the center, C, of the circumcentric circle and the mean center, 
H, of the four orthocenters of the triangles of the quadrilateral. 

I have discovered two proofs of this theorem, both too long for inser- 
tion in full. The first is analytical. Taking the focal point for origin, 
and taking the equation of the line 1 to be px + qly = p2 + q 12, the mid- 
diagonal line is found, after considerable reduction, to have for its equation 
y =2ql, the point C, the center of the circumcentric circle, is 

( p4- p 2q1q2 + qlq2q3q4 p24ql - Tqlq2q3) 

4p3 ' 4p2 

and the point H, the mean center or center of gravity of equal masses 
* Vol. 20, pp. 232-261. 
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placed at Hi, H2, H3, H4, is 

(2p, 3p2 q + qq2q 

Hence the middle point of CH has l2q, for its ordinate. 
The second proof is statical. It can be proved, using trigonometrical 

methods, that masses sin 2A23 at C1, sin 2A13 at C2, sin 2A12 at C3, and 
sin A23 sin A13 sin A12 at each of the four points H1, H2, H3, H4 are equiv- 
alent to masses 4 sin A23 sin A13 sin A12 at C and at H, and hence to the 
single mass 8 sin A23 sin A13 sin A12 at the middle point of CH. 

Again, the masses at C1 and H1 may be replaced by certain masses 
at the vertices of the triangle A23A24A34 whose circumcenter and ortho- 
center are C1 and H1. In this way the seven original masses may be 
replaced by masses at the six vertices; and it can be proved, laboriously, 
that the masses at opposite vertices are equal; hence that the seven masses 
are replaceable by three masses at B1, B2, B3, the middle points of the 
diagonals. But the centroid of these three masses is at a point on the 
mid-diagonal line. Hence the middle point of CH lies on this line. 

(2) U, the center of gravity of equal masses placed at the six vertices 
of the quadrilateral, is the centroid of the triangle whose vertices are 
C, H, and the orthic center, * 0, of the quadrangle C1C2C3C4. 

This is easily established statically. For masses 2m at each of the 
six vertices may be replaced by 3m at the centroid of each of the four 
triangles of the quadrilateral. But, since the centroid of a triangle is 
one third of the distance from the circumcenter to the orthocenter, these 
may be replaced by four masses of m each at H1, H2, H3, H4 and four 
masses of 2m each at C1, C2, C3, C4. Now the mean centert of the quad- 
rangle C1C2C3C4 bisectsl the line joining C, its center, to 0, its orthic 
center,-the point where perpendiculars to each side from the middle 
point of the opposite side concur.* Hence these masses may be replaced 
by 4m at H, and 4m at C and 4m at 0. But the six masses of 2m each at 
the vertices may also be replaced by a mass of 12m at U. Hence U is the 
centroid of equal masses at H, C and 0. 

Since OU produced bisects CH, and since, by (1), the mid-diagonal 
line, which contains U,? bisects CH, it follows that: 

(3) The mid-diagonal line of a complete quadrilateral contains the 
orthic center of the circumcentric quadrangle. 

2. Let hi, h2, h3, h4 be the orthocenters of the triangles C2C3C4, C3C4C1, 
* P. 252 (y), Annals, l.c. 
t P. 251 (a). 
+ P. 252 (a). 
? P. 238 (9). 
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C4ClC2, C1C2C3 respectively. Then Clh1, C2h2, C3h3, C4h4 are bisected at 
0,* and the quadrangle h1h2h3h4 is directly similar to the circumcentric 
quadrangle C1C2C3C4. Let K be the center of the circle circumscribing 
h7h2h3h4. Then CK is bisected at 0. Also KC4 is equal and parallel to h4C. 

FIG. 1. 

Again the triangles A23A 13A12 and C1C2C3 are directly similar, the 
triangles having a center of perspective at the intersection of C4 and Ct 
other than F, viz., E4. The orthocenters of these triangles are H4, h4; 
their circumcenters are C4, C; their radii are R4, R. Then H4C4/h4C 
- R4/R. Hence H4C4/KVC4 = R4/R. 

:Now consider the triangles H4C4K and C4FC. By the last statement, 
H4C4/KC4 = C4F/CF. But 4; KC4H4 is equal to the angle between h4C 
and H4C4. But h4C makes the same angle with C2C3 that H4C4 makes 
with A 13A12, considering the similar figures. Hence 4; KC4H4 is equal 
to the angle between C2C3 and A13A12. But C2C3 is perpendicular to 
FA 14. Hence 4; KC4H4 is the complement of 4; A 13A 1F. 

Again 4; CFC4 is the complement of 4S C4C2F, i.e., of 4 A13A14F. 
Hence the above-named triangles are similar. But triangle C4FC is 

isosceles. Hence KC4 is equal to KiH4. Thus K lies on the perpendicular 
bisector of C4H4. 

* P. 253 (i). 
I P. 235 (5). 
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Similarly K lies on the perpendicular bisectors of C1Hi, C2H2, C3H3. 
This gives a new proof of Hervey's theorem,* that 

(4) The perpendicular bisectors of the lines joining the circumcenters 
and orthocenters are concurrent. 

It also connects this point with other points of the quadrilateral, since 
(5) The line joining this point of concurrence to the center of the 

circumcentric circle is bisected by the orthic center of the circumcentric 
quadrangle. 

Moreover 
(6) HK is parallel to the mid-diagonal line. 
3. Startingt from the fact that the sixteen centers of the circles in- 

scribed and escribed to the four triangles of the quadrilateral are four 
by four concyclic, giving rise to eight new circles, whose centers Y1, Y2, 
Y3, Y4 and Z1, Z2, Z3, Z4 are on the incentric lines,: it is easy to see that 

(7) The circle on Y1Z1 as diameter passes through the points common 
to the (orthogonal) circles just named whose centers are at Y1 and Z1. 
One of these points is 14. This circle also passes through F and through 
the middle points of II4, 121123, I3134, as is easily proved. There are 
sixteen circles of this kind which all pass through F. 

But it is more remarkable that 
(8) The centers of these sixteen circles are the incenters and excenters 

of the circumcentric quadrangle C1C2C3C4. 
For C1C2, C1C3 are perpendicular respectively to FA34, FA24. Hence 

the bisector of 4, C2C1C3 is perpendicular to the bisector of 4 A34FA24. 
Now the circle C1 is the nine-point circle of the triangle 112113114. Let 
A2311 cut C1 at X. Then X is the middle point of 11I14. Also the bisector 
of 4 A34FA24 cuts C1 at X. Hence the bisector of 4, C2C1C3 is per- 
pendicular to FX. But the circles Y1FZ1 and C1 have X and F in common. 
Hence the center of Y1FZ1 lies on the bisector of 4 C2C1C3. Call this 
point 14'. In this way the theorem is proved. 

From the fact that the middle points of Y1Z1, Y1Z2, Y1Z3, Y1Z4 lie on 
a line parallel to Z1Z2Z3Z4, it follows that 

(9) The centers of these sixteen circles lie four by four on four lines 
parallel to one of the incentric lines and also four by four on lines parallel 
to the other incentric line. 

* P. 244 (25). 
t I am indebted to a paper by F. V. Morley in the American Mathematical Monthly for 

June, 1920 (vol. 27, p. 252), for all the facts contained in this section. Mr. Morley derives the 
t heorems as a special case from a chain of theorems concerning the incenters of n directed lines. 
It seems worth while to state the theorems in different order and language and to derive them by 
pure geometry from simpler rather than from more complex theorems. 

I P. 245 (27), p. 246 (27a). 
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Moreover 
(10) The incentric lines of the quadrilateral are parallel to the bi- 

sectors of the angles between pairs of opposite sides of the circumcentric 
quadrangle. * 

4. If the figure that we are considering is inverted with respect to 
the center F, I have shown elsewheret that a new figure results which 
is inversely similar to the old one, one of the incentric lines being an axis 
of similitude; and that the circumcentric circle and orthocentric line of 
the old figure invert into the orthocentric line and circumcentric circle 
of the new one, while the incentric lines invert into themselves. It 
follows at once from these facts that 

(11) FC and the mid-diagonal lines are equally inclined to the in- 
centric lines of the quadrilateral. 

It further appears that 
(12) If the incentric lines cut the circumcentric circle at F, J and 

F, J', respectively, the diameter JJ' is parallel to the mid-diagonal line. 
URSINUS COLLEGE. 
* P. 256 (Xv). 
t Amer. Math. Monthly, vol. 24, (1917), p. 71. 
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